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MOMENT OPERATORS OF THE CARTESIAN MARGINS
OF THE PHASE SPACE OBSERVABLES
J. KIUKAS, P. LAHTI, AND K. YLINEN
Abstrat. The theory of operator integrals is used to determine the
moment operators of the Cartesian margins of the phase spae observ-
ables generated by the mixtures of the number states. The moments of
the x-margin are polynomials of the position operator and those of the
y-margin are polynomials of the momentum operator.
1. Introdution
Aording to the theory developed in [7℄, eah omplex valued measurable
funtion f and operator measure E determine a unique, possibly unbounded,
linear operator L(f,E), the operator integral of f with respet to E. In the
ase of real valued funtions and phase spae operator measures, a natural
appliation of this theory is quantization.
In general, quantization means any proedure whih assoiates a quan-
tum mehanial observable to a given lassial dynamial variable, the lat-
ter being represented by a real valued measurable funtion on the phase
spae R
2n
of the lassial system. Phase spae quantization shemes are
often realized by assoiating to a given lassial variable f the operator∫
f(q, p)∆(q, p)dqdp, where ∆ is some operator valued phase spae funtion
and the integral is interpreted e.g. in the weak or strong sense on a suitable
domain (f. e.g. [6℄, [9℄, and [13℄).
Consider the quantization determined by the operator density (q, p) 7→
∆(q, p) := (2pi)−1W (−q, p)TW (−q, p)∗, where the W (−q, p) are the Weyl
operators ating in a separable Hilbert spae and T is a state, i.e. a positive
operator of trae one. Now the map B(R2n) ∋ B 7→ E(B) := ∫
B
∆ ∈
L(H) is a phase spae observable, so that any lassial variable f an be
integrated with respet to it. On its natural domain, the operator integral
L(f,E) oinides with the (weak) quantization integral
∫
f∆. In this way,
L(f,E) an be interpreted as a quantization of the lassial variable f . It
an be noted that this approah diers from the Weyl quantization, whih is
obtained by replaing T in the above density ∆(q, p) by (a onstant times)
the parity operator in L2(R) (f. e.g. [3, Set. IV.1℄, [6, p. 199℄, and [9, pp.
140-141℄).
In this paper, we onsider the phase spae observables on R
2
assoiated
with ertain pure states and their onvex ombinations, with the state vetors
being taken from a xed ountable orthonormal basis of the separable Hilbert
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spae. The moment operators of the Cartesian margins of these operator
measures will be determined using the theory of operator integrals. The
results sharpen and extend some of those obtained previously in [8℄.
setionOperator integrals and phase spae observables
1.1. The operator integral. In the following, we review the basi results
of [7℄ on the theory of operator integrals and prove a proposition onerning
integration with respet to sequenes of positive operator measures.
Let H be a Hilbert spae, with inner produt 〈·|·〉, and L(H) the set of
bounded operators on H. Let Ω be a nonempty set, A a σ-algebra of subsets
of Ω, and E : A → L(H) a positive operator measure (a positive operator
valued set funtion σ-additive with respet to the strong, or, equivalently, the
weak operator topology). For all ϕ,ψ ∈ H, the map A ∋ X 7→ 〈ψ|E(X)ϕ〉 ∈
C is a omplex measure, and it is denoted by Eψ,ϕ. Let f : Ω → C be an
A-measurable funtion and let D(f,E) be the set of those vetors ϕ ∈ H
for whih f is integrable with respet to the omplex measure Eψ,ϕ for all
ψ ∈ H. The set D(f,E) is a vetor subspae of H, and there is a unique
linear operator L(f,E) on the domain D(f,E) suh that
〈ψ|L(f,E)ϕ〉 =
∫
fdEψ,ϕ
for all ϕ ∈ D(f,E) and ψ ∈ H (f. [7℄). We all L(f,E) the (operator)
integral of f with respet to E.
Let D˜(f,E) be the set of those vetors ϕ ∈ H for whih |f |2 is integrable
with respet to the positive measure Eϕ,ϕ. We have the following results,
proved in [7℄:
Theorem 1. (a) D˜(f,E) is a vetor subspae of D(f,E).
(b) If E(X) is a projetion for all X ∈ A, then D˜(f,E) = D(f,E).
It is well known that, in ase (b), the domain is dense.
Theorem 2. If f is real valued, then L(f,E) is a symmetri operator, that
is, 〈ψ|L(f,E)ϕ〉 = 〈L(f,E)ψ|ϕ〉 for all ψ,ϕ ∈ D(f,E).
The following general lemma will be used in the proof of Proposition 1.
Lemma 1. Let µn : A → C be a omplex measure for eah n ∈ N suh that
the series
∑
n∈N µn onverges absolutely in the total variation norm. Let µ
and ν denote the measures
∑
n∈N µn and
∑
n∈N |µn|, respetively. Here | · |
stands for the total variation.
(a) f is ν-integrable, if and only if
∑∞
n=1
∫ |f |d|µn| <∞.
(b) If f is ν-integrable, then f is integrable with respet to µ and all the
measures µn, and ∫
fdµ =
∞∑
n=1
∫
fdµn.
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Proof. (a) Assume that f is ν-integrable (i.e. |f | is suh). Sine |µn(B)| ≤
ν(B) for all B ∈ A and n ∈ N, |f | is µn-integrable for eah n ∈ N. Now
k∑
n=1
∫
|f |d|µn| =
∫
|f |d
(
k∑
n=1
|µn|
)
≤
∫
|f |dν
for eah k ∈ N, so that ∑∞n=1 ∫ |f |d|µn| < ∞. The onverse follows from
Lemma A.5. of [7℄.
(b) Clearly µ and all the µn are ν-ontinuous. Let g and gn be their Radon-
Nikodým derivatives with respet to ν, respetively. Sine(
k∑
n=1
µn − µ
)
(B) =
∫
B
(
k∑
n=1
gn − g
)
dν
for all B ∈ A and k ∈ N, we have
lim
k−→∞
∫ ∣∣∣∣∣
k∑
n=1
gn − g
∣∣∣∣∣ dν = limk−→∞
∥∥∥∥∥
k∑
n=1
µn − µ
∥∥∥∥∥ = 0,
where ‖·‖ denotes the total variation norm. This means that the series∑n gn
onverges in L1(ν) to the funtion g. Thus some subsequene
(∑km
n=1 gn
)
onverges to g ν-almost everywhere. In addition, the monotone onvergene
theorem gives
ν(B) =
∞∑
n=1
∫
B
|gn|dν =
∫
B
(∑
n
|gn|
)
dν
for all B ∈ A, so that
(1)
∣∣∣∣∣f(x)
km∑
n=1
gn(x)
∣∣∣∣∣ ≤ |f(x)|∑
n
|gn| = |f(x)|
for ν-almost all x ∈ Ω.
Assume now that f is ν-integrable. Then by (a), f is µn-integrable for
eah n ∈ N, and the series ∑∞n=1 ∫ fdµn onverges absolutely. Beause of
(1), the dominated onvergene theorem implies that fg is ν-integrable, i.e.
f is µ-integrable, and∫
fdµ =
∫
fgdν = lim
m−→∞
km∑
n=1
∫
fgndν =
∞∑
n=1
∫
fdµn.

Proposition 1. Let En : A → L(H) be a positive operator measure for
eah n ∈ N suh that the range of En is bounded in norm by Mn > 0, with∑
nMn < ∞. Then the norm limit
∑
n E
n(B), B ∈ A, denes a positive
operator measure E, for whih
L(f,E)|
D˜(f,E)
⊂
∑
n
L(f,En)|
D˜(f,En)
,
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where the series is understood to onverge in the weak sense to an operator,
whose domain onsists of those vetors ϕ ∈ ⋂n∈N D˜(f,En) for whih the
vetor series
∑
n L(f,E
n)ϕ onverges weakly.
Proof. Let ψ,ϕ ∈ H. Sine ‖Enψ,ϕ‖ ≤ 4 supB∈A |Enψ,ϕ(B)| ≤ 4‖ψ‖‖ϕ‖Mn,
the series
∑
nE
n
ψ,ϕ onverges absolutely in the total variation norm. The
above inequality also implies that for every B ∈ A, the sesquilinear fun-
tional (ϕ,ψ) 7→∑nEnψ,ϕ(B) is bounded, so that there is a (learly positive)
operator E(B) ∈ L(H), for whih 〈ψ|E(B)ϕ〉 =∑nEnψ,ϕ(B). Thus the map
B 7→ E(B) is a positive operator measure, for whih E(B) =∑nEn(B) in
the operator norm and Eψ,ϕ =
∑
nE
n
ψ,ϕ in the total variation norm.
By applying Lemma 1 (b) to the nite positive measures Enϕ,ϕ and the
funtion |f |2, we see that if ϕ ∈ D˜(f,E), then ϕ ∈ D˜(f,En) for all n ∈ N,
and
∑
n
∫ |f |2dEnϕ,ϕ = ∫ |f |2dEϕ,ϕ < ∞. Now let Fn denote the positive
operator measure M−1n En. We have
∑
nMn
√∫ |f |2dFnψ,ϕ ≤ ∑nMn(1 +∫ |f |2dFnψ,ϕ) <∞. Using the inequality
∫
|f |d|Fnψ,ϕ| ≤ ‖ψ‖
√∫
|f |2dFnϕ,ϕ
from [7℄, we get
∑
n
∫ |f |d|Enψ,ϕ| = ∑nMn ∫ |f |d|Fnψ,ϕ| < ∞, from whih it
follows by lemma 1 (a) and (b) that
〈ψ|L(f,E)ϕ〉 =
∑
n
〈ψ|L(f,En)ϕ〉.

1.2. Phase spae observables. We assume that the Hilbert spae H is
separable. For any ϕ,ψ ∈ H, let |ϕ〉〈ψ| denote the operator ξ 7→ 〈ψ|ξ〉ϕ.
Let {|n〉 | n ≥ 0} be a xed orthonormal basis of H. We all it the number
basis. Let A+ =
∑
n≥0
√
n+ 1|n + 1〉〈n| and A− =
∑
n≥0
√
n+ 1|n〉〈n + 1|
be the raising and lowering operators assoiated with this basis. They are
losed operators with the domain
D(A+) = D(A−) =
{
ϕ ∈ H
∣∣∣∑
k
k|〈ϕ|k〉|2 <∞
}
,
and they satisfy the relation A+ = A
∗−. The symmetri operators
1√
2
(A+ +
A−) and 1√2 i(A+−A−) are essentially selfadjoint onD(A+) and their losures
Q and P are unitarily equivalent to the anonial position and momentum
operators, respetively, ating in L2(R). The operators A+ and A− an be
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expressed in terms of Q and P aording to
A+ =
1√
2
(Q− iP ),
A− =
1√
2
(Q+ iP )(2)
(f. [2, p. 283℄ and [12, p. 73℄). The number operator N :=
∑
n≥0 n|n〉〈n| =
A+A−, with the domain
D(N) =
{
ϕ ∈ H
∣∣∣∑
k
k2|〈ϕ|k〉|2 <∞
}
,
is selfadjoint and satises
(3) N +
1
2
I =
1
2
(Q2 + P 2).
(The last equality is a simple onsequene of (2) and the fat that D(N) =
D(A+A−) = D(A−A+).)
The operators Q and P generate strongly ontinuous one parameter uni-
tary groups p 7→ V (p) := eipQ and q 7→ U(q) := eiqP whih satisfy the
Weyl relation U(q)V (p) = eiqpV (p)U(q) for all q, p ∈ R. The Weyl operators
W (q, p) are dened by W (q, p) = e−
1
2
iqpU(q)V (p) for q, p ∈ R. The map
(q, p) 7→W (−q, p) is a projetive representation of R2.
Let T be a state operator. Then
I =
1
2pi
∫
R2
W (−q, p)TW (−q, p)∗dqdp,
and the map ET : B(R2)→ L(H) dened by
ET (B) =
1
2pi
∫
B
W (−q, p)TW (−q, p)∗dqdp
is a normalized positive operator measure, a phase spae observable. Here
B(R2) denotes the σ-algebra of Borel subsets of R2 and the integrals are
understood in the weak sense. The onstrution of the operator measures
ET an be found for instane in [5℄ or [14℄. The operator measure ET is
ovariant with respet to the projetive representation (q, p) 7→ W (−q, p)
in the sense that ET (B + (q0, p0)) = W (−q0, p0)ET (B)W (−q0, p0)∗ for all
B ∈ B(R2) and (q, p) ∈ R2.
The following haraterization is obtained in [4℄ and [15℄: every normal-
ized positive operator measure E : B(R2) → L(H), whih is ovariant with
respet to the representation (q, p) 7→W (−q, p), is of the form ET for some
state T .
We let E|s〉 denote the phase spae observable assoiated with the number
state |s〉〈s|. Consider the mixed states
(4) T =
∞∑
n=0
wn|n〉〈n|,
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where wn ≥ 0 and
∑
wn = 1. These states are the ones for whih the
observable ET is ovariant also with respet to the phase shifts in the sense
that
eiθNET ([0,∞) ×X)e−iθN = ET ([0,∞) × (X + θ))
for all θ ∈ [0, 2pi) and X ∈ B([0, 2pi)), where R2 = [0,∞) × [0, 2pi) and the
sum X + θ is understood modulo 2pi. (f. [11℄).
Sine wn‖E|n〉(B)‖ ≤ wn for all n ∈ N and B ∈ B(R2), Proposition 1 an
be applied to the positive operator measures wnE
|n〉
. That the norm limit∑
nwnE
|n〉(B) equals ET (B), follows from the identity
〈ϕ|ET (B)ϕ〉 = 1
2pi
∫
B
(
∑
n
wn|〈ϕ|W (−q, p)|n〉|2)dqdp =
∑
n
wn〈ϕ|E|n〉(B)ϕ〉
where ϕ ∈ H is arbitrary and the monotone onvergene theorem has been
used.
2. Moment operators of the Cartesian margins of the phase
spae observables assoiated with the number states
Let x and y denote the funtions (q, p) 7→ q and (q, p) 7→ p, respetively.
In [7℄, the moment operators L((x± iy)k, E|n〉) and L((x2 + y2)k, E|n〉) were
determined. In [8℄, these results were used to obtain the operator relations
L(x,E|n〉) ⊂ Q,
L(y,E|n〉) ⊂ P,
L(x2, E|n〉) ⊂ (n+ 1
2
)I +Q2,
L(y2, E|n〉) ⊂ (n+ 1
2
)I + P 2.(5)
In this setion, we determine diretly the moment operators L(xk, ET ) and
L(yk, ET ), where the state T is taken to be of the form
∑
nwn|n〉〈n|. The
results show, among other things, that the inlusions (5) are in fat equalities.
2.1. The operators L(xk, E|n〉) and L(yk, E|n〉). Let U : L2(R) → H be
the unitary operator whih maps the Hermite funtion basis {hn}n≥0 of
L2(R) onto the number basis of H aording to the rule Uhn = |n〉. The
position and momentum operators in L2(R) orrespond to the operators Q
and P via the unitary transformation U , so that the operators W0(q, p),
dened by W0(q, p) = U
−1W (q, p)U , at in L2(R) aording to the formula
(W0(q, p)f)(t) = e
i 1
2
qpeiptf(t+ q).
We need the following well-known result (see e.g. [14, pp. 47 and 49℄ ).
Lemma 2. Let F : L2(R)→ L2(R) denote the Fourier-Planherel operator.
Let u ∈ L2(R) be a unit vetor and f ∈ L2(R). Then u(· − q)f ∈ L1(R) ∩
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L2(R) for almost all q ∈ R and Fu(· − p)Ff ∈ L1(R)∩L2(R) for almost all
p ∈ R. In addition,
1√
2pi
〈W0(−q, p)u|f〉 = ei
1
2
qpF (u(· − q)f)(p)
for almost all q ∈ R and all p ∈ R, and
1√
2pi
〈W0(−q, p)u|f〉 = e−i
1
2
qpF−1(Fu(· − p)Ff)(q)
for almost all p ∈ R and all q ∈ R.
Proof. Sine u, f ∈ L2(R), the funtion u(· − q)f is integrable. Beause
‖f‖2 = ∫ |u(t − q)f(t)|2dtdq by Fubini's theorem, u(· − q)f ∈ L2(R) for
almost all q. Similarly, Fu(· − p)Ff ∈ L1(R) ∩ L2(R) for almost all p ∈ R.
The rest of the proof follows from straightforward alulations. 
First we determine the square integrability domains orresponding to the
funtions xk and yk.
Lemma 3. D˜(xk, E|n〉) = D(Qk) and D˜(yk, E|n〉) = D(P k) for all k ∈ N.
Proof. Let k ∈ N be xed. Let ϕ ∈ H and f = U−1ϕ ∈ L2(R). If ϕ ∈
D˜(xk, E|n〉), the funtion (q, p) 7→ q2k|〈f |W0(−q, p)hn〉|2 = q2k|〈ϕ|W (−q, p)|n〉|2
is integrable over R
2
, and∫
R2
q2kdE|n〉ϕ,ϕ(q, p) =
1
2pi
∫
q2k
(∫
|〈ϕ|W (−q, p)|n〉|2dp
)
dq
=
∫
q2k
(∫
|F (hn(· − q)f)(p)|2dp
)
dq
=
∫
q2k
(∫
|hn(t− q)|2|f(t)|2dt
)
dq
=
∫ (∫
q2k|hn(t− q)|2|f(t)|2dq
)
dt
=
∫ ∫
(t− q)2k|hn(q)|2|f(t)|2dqdt
=
∫ ∫
(t− q)2k|hn(q)|2|f(t)|2dtdq,
where lemma 2, the unitarity of the Fourier-Planherel operator, and Fubini's
theorem have been used. The existene of the last integral implies that
t 7→ (t − q)2k|f(t)|2 is integrable over R for almost all q ∈ R. Thus also
t 7→ t2k|f(t)|2 must be integrable. (In fat, take one q ∈ R for whih t 7→
(t−q)2k|f(t)|2 is integrable and use the fat that there exist positive onstants
A,B,M , suh that At2k ≤ (t − q)2k ≤ Bt2k for |t| ≥ M .) This means
that f belongs to the domain of the k-th power of the position operator
in L2(R) and hene ϕ = Uf ∈ D(Qk). Conversely, if ϕ = Uf ∈ D(Qk),
the funtions t 7→ |tl||f(t)|2 and q 7→ |ql||hn(q)|2 are integrable over R for
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all l ≤ 2k and hene (t, q) 7→ (t − q)2k|hn(q)|2|f(t)|2 is integrable over R2.
The preeding alulation now shows that ϕ ∈ D˜(xk, E|n〉). The equality
D˜(xk, E|n〉) = D(Qk) is thus proved.
The result D˜(yk, E|n〉) = D(P k) is obtained in an analogous manner by
using the fat that the position and momentum operators in L2(R) are uni-
tarily equivalent via the Fourier-Planherel operator F . 
Now we an determine the operators L(xk, E|n〉) and L(yk, E|n〉).
Theorem 3. L(xk, E|n〉) = p|n〉k (Q) and L(y
k, E|n〉) = p|n〉k (P ), where p
|n〉
k :
R→ R is the polynomial
p
|n〉
k (t) = 〈n|(t−Q)k|n〉 =
k∑
l=0
((
k
l
)
(−1)k−l〈n|Qk−l|n〉
)
tl.
Proof. Sine p
|n〉
k is a polynomial of order k and Q is unitarily equiva-
lent to the position operator in L2(R), the natural domain of the operator
p
|n〉
k (Q) (whih is the set D(Q
k) ∩ D(Qk−1) ∩ . . . D(Q)) is equal to that of
Qk. Beause Q and P are unitarily equivalent, also D(p
|n〉
k (P )) = D(P
k).
Thus by the preeding lemma, we have D(p
|n〉
k (Q)) = D(Q
k) = D˜(xk, E|n〉)
and D(p
|n〉
k (P )) = D(P
k) = D˜(yk, E|n〉).
Let ϕ,ψ ∈ D˜(xk, E|n〉) ⊂ D(xk, E|n〉). Let f = U−1ϕ, g = U−1ψ. Sine
the funtion
(q, p) 7→ qk〈ψ|W (−q, p)|n〉〈ϕ|W (−q, p)|n〉
is integrable over R
2
, we get
〈ψ|L(xk, E|n〉)ϕ〉 =
∫
R2
qkdE
|n〉
ψ,ϕ(q, p)
=
1
2pi
∫
qk
(∫
〈ψ|W (−q, p)|n〉〈ϕ|W (−q, p)|n〉dp
)
dq
=
∫
qk
(∫
F (hn(· − q)g)(p)F (hn(· − q)f)(p)dp
)
dq
=
∫
qk
(∫
hn(t− q)g(t)hn(t− q)f(t)dt
)
dq
=
∫ (∫
qk|hn(t− q)|2dq
)
g(t)f(t)dt
=
∫ (∫
(t− q)k|hn(q)|2dq
)
g(t)f(t)dt,
=
∫
〈n|(t−Q)k|n〉g(t)f(t)dt
= 〈ψ|p|n〉k (Q)ϕ〉.
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The fth equality follows from Fubini's theorem, sine (q, t) 7→ qk|hn(t −
q)|2g(t)f(t) is integrable (beause of the inequality∣∣∣qk|hn(t− q)|2g(t)f(t)∣∣∣ ≤ 1
2
(1 + q2k)(|f(t)|2 + |g(t)|2)|hn(t− q)|2
and the proof of lemma 3). The unitarity of F is also used. Sine ψ was
taken arbitrarily from the dense set D(Qk) = D˜(f,E|n〉), we have p|n〉k (Q) ⊂
L(xk, E|n〉).
The equality p
|n〉
k (Q) = L(x
k, E|n〉) follows from the fat that being self-
adjoint, the operator p
|n〉
k (Q) annot have a proper symmetri extension.
The statement p
|n〉
k (P ) = L(y
k, E|n〉) is obtained in the same manner, sine
p
|n〉
k an also be written in the form p
|n〉
k (t) = 〈n|(t − P )k|n〉 and p|n〉k (P ) is
selfadjoint. 
Remark. Sine 〈n|Qm|n〉 = 0 for odd m, and 〈n|Qm|n〉 > 0 for even m,
only the terms with even k− l are present in the sum dening the polynomial
p
|n〉
k , and the oeients of the orresponding x
l
are all stritly positive. In
partiular, L(xk, E|n〉) 6= Qk and L(yk, E|n〉) 6= P k for k > 1 and n ≥ 0,
reeting the dierene from the Weyl quantization ([6, p. 229℄), as well as
the fat that the Cartesian margins of E|n〉 are not the spetral measures of
Q and P .
Using Theorem 3, all the operators L(xk, E|n〉) and L(xk, E|n〉) an be
written in terms of Q and P , respetively. In partiular, the rst and seond
moment operators are the following:
L(x,E|n〉) = Q
L(y,E|n〉) = P
L(x2, E|n〉) = (n+
1
2
)I +Q2
L(y2, E|n〉) = (n+
1
2
)I + P 2.(6)
For the speial ase of n = 0, these results were already obtained by formal
omputations in [1, pp. 28-29℄ (without addressing the question on the
domains of the operators). A related result of [9, p. 140℄, however, seems to
lak a onstant term.
2.2. The operators L(xk, ET ) and L(yk, ET ) with T =
∑
nwn|n〉〈n|.
In the next theorem, we need to onsider the expressions 〈n|Q2k|n〉. These
integrals are well known and an be alulated e.g. as instruted in [10, p.
60℄. We need here only the following fat:
Lemma 4. For n ≥ k, the expression 〈n|Q2k|n〉 an be written as a polyno-
mial in n of order k.
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Proof. Expressing Q in terms of A+ and A−, we get 〈n|Q2k|n〉 = 12k ‖(A++
A−)k|n〉‖2. Beause A−A+ = N + I, we an write
(A+ +A−)k|n〉 =
k∑
m=0
am|n+ k − 2m〉,
where am|n + k − 2m〉 = Ak−2m+ q+m(N)|n〉 for 0 ≤ m ≤ k2 and am|n + k −
2m〉 = A2m−k− q−m(N)|n〉 for k2 ≤ m ≤ k, where q±m are some polynomials with
2deg(q±m)±(k−2m) ≤ k. Now a2m = (n+1)(n+2) . . . (n+k−2m)q+m(n)2 for
0 ≤ m ≤ k2 and a2m = n(n− 1) . . . (n− (2m− k) + 1)q−m(n)2 for k2 ≤ m ≤ k,
so that eah a2m is a polynomial in n of order at most k, with the oeient
of the highest power positive. Sine a20 = (n + 1)(n + 2) . . . (n + k), we see
that 〈n|Q2k|n〉 = 1
2k
∑k
m=0 a
2
m is a polynomial in n of order exatly k. 
Theorem 4. Let T =
∑
nwn|n〉〈n| be a mixture of the number states and
k ∈ N. Let p|n〉k denote the polynomials dened in Theorem 3, and dene
skl =
(
k
l
) ∞∑
n=0
wn〈n|Qk−l|n〉 (≤ ∞)
for 0 ≤ l ≤ k.
(a) D˜(xk, ET ) 6= {0} if and only if
(7)
∑
n
nkwn <∞,
in whih ase skl < ∞ for all 0 ≤ l ≤ k, D(xk, ET ) = D˜(xk, ET ) =
D(Qk), and
L(xk, ET ) =
k∑
l=0
sklQ
l.
In partiular, the operator L(xk, ET ) is then selfadjoint.
(b) The statement (a) holds true when x and Q are replaed by y
and P .
Proof. Let k ∈ N be xed. Aording to Proposition 1, Lemma 3 and
Theorem 3 we have,
(8) L(xk, ET )|
D˜(xk,ET ) ⊂
∑
n
wnL(x
k, E|n〉) =
∑
n
wnp
|n〉
k (Q)
(where the series of operators are understood in the same sense as in Propo-
sition 1). Let ϕ ∈ D(Qk) ⊃ D(∑nwnp|n〉k (Q)) and ϕ 6= 0. Let A|n〉ϕ,ϕ be
the density funtion of the positive measure E
|n〉
ϕ,ϕ. By the denition of
the square integrability domain, ϕ ∈ D˜(xk, ET ) if and only if the fun-
tion x2k
∑
nwnA
|n〉
ϕ,ϕ is integrable. By the monotone onvergene theorem,
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the latter statement is equivalent to
(9)
∑
n
wn
∫
x2kdE|n〉ϕ,ϕ <∞.
Aording to the proof of Lemma 3,∫
x2kdE|n〉ϕ,ϕ =
∫ ∫
(t− q)2k|hn(q)|2|(U−1ϕ)(t)|2dtdq
=
2k∑
l=0
(
2k
l
)
(−1)2k−l
(∫
tl|(U−1ϕ)(t)|2dt
)
〈n|Q2k−l|n〉.
Sine 〈n|Qm|n〉 = 0 for odd m ∈ N, only the terms with even l are present
in the above sum. Beause U−1ϕ 6= 0, these terms are all stritly positive.
Sine 0 < 〈n|Q2l|n〉 ≤ ∫ (1 + q2k)|hn(q)|2dq = 1 + 〈n|Q2k|n〉 for all l ≤ k
and
∑
n wn = 1, the onvergene of the series
∑
nwn〈n|Q2k|n〉 implies the
onvergene of eah series
∑
nwn〈n|Q2l|n〉 and skl, l ≤ k. Thus, it follows
that a nonzero vetor in D(Qk) belongs to D˜(xk, ET ) if and only if the series
(10)
∑
n
wn〈n|Q2k|n〉
onverges. By the preeding lemma, this is equivalent to (7). Sine D˜(xk, ET ) ⊂
D(Qk) by (8), we have shown that D˜(xk, ET ) 6= {0} if and only if (7) holds,
and in that ase, D˜(xk, ET ) = D(Qk) and skl <∞ for l ≤ k.
From the denition of the polynomials p
|n〉
k we see that if (10) onverges,
then (using (8)) we get
〈ψ|L(xk, ET )ϕ〉 =
∑
n
wn〈ψ|p|n〉k (Q)ϕ〉 =
k∑
l=0
skl〈ψ|Qlϕ〉
for eah ϕ ∈ D(Qk) and ψ ∈ H. Thus, ∑kl=0 sklQl ⊂ L(xk, ET ) (now
D(
∑k
l=0 sklQ
l) = D(Qk), beause skk = 1). Sine the operator
∑k
l=0 sklQ
l
is selfadjoint and L(xk, ET ) is symmetri, the statement (a) has been proved.
The result (b) is obtained in the same manner, sine
L(yk, ET )|
D˜(yk ,ET )
⊂
∑
n
wnL(y
k, E|n〉) =
∑
n
wnp
|n〉
k (P ),
〈n|Qm|n〉 = 〈n|Pm|n〉 for all m,n ≥ 0 and∫
y2kdE|n〉ϕ,ϕ =
∫ ∫
(t− p)2k|Fhn(p)|2|(FU−1ϕ)(t)|2dtdp
=
2k∑
l=0
(
2k
l
)
(−1)2k−l
(∫
tl|(FU−1ϕ)(t)|2dt
)
〈n|P 2k−l|n〉
for all ϕ ∈ D(P k). 
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Remark. For eah k ∈ N, there are states T of the form (4) suh that (7)
does not onverge (so that D˜(xk, ET ) = {0}), but all the series skl do. In that
ase,
∑k
l=0 sklQ
l
is still a well-dened selfadjoint operator with the domain
D(Qk). An example of suh a state for k ∈ N is given by tn = 1Snk+1 , where
S =
∑
n n
−(k+1)
. We do not know whether there are any nonzero vetors in
the domain D(xk, ET ) then.
3. Operator integrals of some polynomials
In this last setion, we use Theorem 3 to determine the operator integrals
for ertain types of polynomials. To that end, let h, h1, h2 be real polynomials
dened by h(t) =
∑k
l=0 alt
l
, ak 6= 0, and hi(t) =
∑ki
l=0 ai,lt
l
, ai,ki 6= 0,
i = 1, 2.
The operators L(h◦x,E|n〉) and L(h◦y,E|n〉). Let ψ,ϕ ∈ H. There exist
positive onstants M,A,B suh that A|tk| ≤ |h(t)| ≤ B|tk| for |t| ≥ M ,
whih implies that the funtion h◦x (i.e. (q, p) 7→ h(q)) is E|n〉ψ,ϕ-integrable if
and only if xk is suh, and in that ase,
∫
h ◦ x dE|n〉ψ,ϕ =
∑k
l=0 al
∫
xldE
|n〉
ψ,ϕ.
Sine D(xk, E|n〉) = D(Qk) ⊂ D(Ql) = D(xl, E|n〉) for l ≤ k, it follows that
D(h ◦ x,E|n〉) = D(Qk), and
(11) L(h ◦ x,E|n〉) =
k∑
l=0
alp
|n〉
l (Q).
Naturally, a similar result holds for the funtion h ◦ y.
The operators L(h1 ◦ x + ih2 ◦ y,E|n〉). Let ψ,ϕ ∈ H. The funtion
h1 ◦x+ ih2 ◦y is E|n〉ψ,ϕ-integrable if and only if both h1 ◦x and h2 ◦y are suh,
and in that ase
∫
(h1 ◦x+ ih2 ◦y) dE|n〉ψ,ϕ =
∫
h1 ◦x dE|n〉ψ,ϕ+ i
∫
h2 ◦y dE|n〉ψ,ϕ.
Thus, we have D(h1 ◦ x+ ih2 ◦ y,E|n〉) = D(Qk1) ∩D(P k2), and
(12) L(h1 ◦ x+ ih2 ◦ y,E|n〉) =
k1∑
l=0
a1,lp
|n〉
l (Q) + i
k2∑
l=0
a2,lp
|n〉
l (P ).
The operators L(h1 ◦ x + h2 ◦ y,E|n〉) with ki even and ai,ki > 0.
Assume that ki is even, and ai,ki > 0, i = 1, 2. Then we an hoose positive
onstants M,Ai, Bi suh that hi(t) ≥ 0 and Aitki ≤ hi(t) ≤ Bitki for |t| ≥
M and i = 1, 2. This implies that the funtion h1 ◦ x + h2 ◦ y is E|n〉ψ,ϕ-
integrable for ψ,ϕ ∈ H if and only if both xk1 and yk2 are suh. We get
D(h1 ◦ x+ h2 ◦ y,E|n〉) = D(Qk1) ∩D(P k2), and
(13) L(h1 ◦ x+ h2 ◦ y,E|n〉) =
k1∑
l=0
a1,lp
|n〉
l (Q) +
k2∑
l=0
a2,lp
|n〉
l (P ).
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A note on the operators L(x± iy, E|n〉) and L(x2+y2, E|n〉). The above
observations show that, in partiular, L( 1√
2
(x ± iy), E|n〉) = 1√
2
(Q ± iP ),
and L(12(x
2 + y2), E|n〉) = 12(Q
2 + P 2) + (n+ 12)I. These operator integrals
have already been determined in [7℄ (using a dierent method) to be the
following: L( 1√
2
(x± iy), E|n〉) = A∓ and L(12 (x2+y2), E|n〉) = N +(n+1)I.
The fundamental operator equalities (2) and (3) now show that the results
are indeed onsistent.
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